Thermodynamic Work Gain from Entanglement 
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We show that entangled states can be used to extract thermodynamic work beyond classical 
correlation via feedback control based on measurement on part of a composite system. The work 
gain is determined by the amount of correlation that is transfered from between the subsystems to 
between the system and the memory. Furthermore, entangled states require less measurement cost 
because we can perform feedback control without decreasing the entropy of the system, and hence 
the memory does not need entropy production to compensate for the feedback gain. 
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Feedback control of thermal fluctuations has been dis- 
cussed for over a century [H-fl2j|. In a seminal work, 
Maxwell [l| pointed out that if an observer can access mi- 
croscopic degrees of freedom, the second law of thermo- 
dynamics may break down. Szilard devised a quintessen- 
tial model of Maxwell's demon, and showed that fee T In 2 
of work can be extracted from a thermodynamic cycle Q ■ 
This result prima facie seems to contradict the second 
law of thermodynamics, and a number of studies have 
been devoted to resolve this issue It has recently 

been shown 0] that extractable work from a system is 
given by the mutual information content between the sys- 
tem and the memory, and that the same quantity sets the 
bound on the total cost of measurement and erasure of 
information. It has also been shown that positive entropy 
production in measurement compensates for the work 
gain via feedback control [10( , as originally s ugg ested by 
Szilard [2] . Quite recently, Maxwell's demon , and the 
cost of information erasure [13] have been experimentally 
demonstrated. 

There has been considerable experimental interest 
in quantum feedback control such as cooling mecha- 
nism 13 and spin squeezing [lq ]. There has also 
been a growing theoretical interest in the relation be- 
tween quantum feedback control and thermodynamics, 
and there are several results that exploit quantum entan- 
glement and cannot be achieved classically [T^-lHl- For 
a quantum memory entangled with the system, work can 
be extracted during the erasure process Entangled 
states can also be used to extract energy by controlling 
quantum fluctuations via feedback control [l8j . Zurek 
argued that only the classical part of the correlation can 
be utilized to extract work by LOCC [21] . In this Let- 
ter, we show that work can also be extracted from the 
quantum part of the correlation. 

In this Letter, we address the question of whether en- 
tanglement can be utilized as a resource beyond classical 
correlation for the thermodynamic work gain. For quan- 
tum correlated states with marginal thermal states, we 



show that work can be extracted by feedback control not 
just from thermal fluctuations but also from quantum 
correlations between the systems. 

The main result of this Letter is Eq. ^ which implies 
that the net work gain depends on how much correla- 
tion is utilized via measurement and feedback. In par- 
ticular, we can extract work for entangled states beyond 
classical correlation. For example, the maximum work 
gain for a 2-qubit system is given by 2ksT In 2 for entan- 
gled states, whereas it is k^T In 2 for classically correlated 
states This difference arises from the measurement 
cost (Eq. ©) as discussed later. 

We consider a composite system AB, and a memory M 
that stores information about the measurement outcome. 
We consider the following protocol (see Fig.[TJ. 

1. Let the initial state be p ABM = p AB ® pf. 
We assume that the state of the system AB is ini- 
tially correlated: / (p A : p s ) ^ 0, where / (p A : p B ) = 
S(p A ) + S(p B ) - S{p AB ) is the quantum mutual in- 
formation content between A and B, and S(p) — 
— Trplnp is the von Neumann entropy. The initial 
state of M is assumed to be at thermal equilibrium 
with a canonical distribution pg = exp(— fiH^ 1 ) / Z^ 1 , 
with Z M = Trcxp(-^i7 M ). The state can be ei- 
ther classically correlated or quantum-mechanically cor- 
related. We also assume that both subsystems are at 
thermal equilibrium described by canonical distributions: 
p A B = Tr B:AP AB = eyLv(-pH A B )/Z A B , with Z A > B = 
Tr exp(— f3H A,B ). Such a system is given by 25]: 



O = Z 
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where \k) A B is the fc-th energy eigenstate of subsystems 
A and B, and Z~^ is the normalization constant. The 
reduced density matrix of this state is the canonical dis- 
tribution with energy eigenvalues given by tk ■ The state 
([!]) can be created experimentally by parametric amplifi- 
cation and it plays a pivotal role in such diverse 
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FIG. 1. (color online). We start with an initially correlated 
state of the composite system AB. We perform a measure- 
ment on A, which is part of the total system AB, and obtain 
an outcome k. Depending on this outcome, we perform a lo- 
cal unitary operation on each system which realizes a feedback 
control. 
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phenomena as Hawking radiation [27|, the dynamical 
~ HH, and the Unruh effect j3o|. 



Casimir effect 

2. We perform a measurement on A described by the 
set of measurement operators {M A } k , where k labels 
the measurement outcome. Then, the post-measurement 
state with outcome k is given by 



p ABM (k) 



(M k A 



3 ) p AB (m^ ® I B ^J ® pjf/pk, where p k 



M A ^M A p AB 



is the probability for obtaining the 
outcome k, and p k is the density matrix of M. We as- 
sume that p^ are mutually orthogonal, i.e., p k T pf 1 = 
for k ^ I. The average density matrix is given by 

p ABM =YjkPkf) ABM {k) 

3. We perform a feedback control by acting on each 
system local unitary operators U A and U B that depend 
on the measurement outcome k. The density matrix of 
the system for a given outcome k is given by p AB {k) := 

TA ^ T JB\ „AB(i,\ ( JT A ^ U B^\ The gtate after the 



(U A ® 



U k B ) 



E k PkP AB (k)®pjf. 



feedback is given by p ABM 

The main result of this Letter is that the net work gain 
from the initially correlated states is expressed in terms 
of the difference of the quantum mutual information be- 
tween the initial and final states: 

W gain < k B T [I (p A : p B ) - I(p A : p B \X M )} 

—AF A — AF B , (2) 

where 

l(p A :p B \X M ) 

= J> [S{ P A (k)) + S( P B (k)) - S(p AB (k))] (3) 

k 

is the quantum mutual information between the subsys- 
tems conditioned upon the measurement outcomes k's, 



which give the classical probability distribution X M of 
the memory. The free-energy difference of the system due 
to feedback control is given by AF A — F A —F A , and each 
term is defined by F A = -f31nZ A , F A = -f31nZ A , and 
Z A = Trexp(—(3H A ), and similarly for system B. Here, 
the net work gain W ga i n = W ( 
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given by subtracting the measurement cost and erasure 
cost from the extractable work from two subsystems A 
and B via feedback control. The extractable work is de- 
fined by W A t = E A - E A = Tr A p A H A - Tr A p A H A , 
and similarly for system B. The work cost for measure- 
ment is defined as W™ eas = p fe Trpf iff - Trp^ H™, 
where H^ 1 describes the Hamiltonian of M with out- 
come k. The work cost for information erasure is de- 
fined as W™ eaa = Tvp^H M - E fe ^Trp^TJf , where 

Pfccan = ex P( — P^k 1 )- The net work gain is deter- 
mined by the amount of correlation that can be utilized 
via feedback control. Since the available correlation for 
the quantum state is larger than the classical state, we 
can extract work from the entangled state beyond clas- 
sical correlation. The net work gain depends on how 
much correlation is transferred from between the sub- 
systems to between the system and the memory. This 
can be seen if we use the Venn diagram, since the term 
I (p A : p B ) — I{p A '■ p B \X M ) expresses the common in- 
formation of the three states: marginal states A, B and 
the memory M. It has been pointed out [2^, that 
for initially correlated states and energy conserving uni- 
tary interactions, the entropy of the subsystems never 
increases, and that ksTAI (p A : p s ) of work can be ex- 
tracted, where AI (p A : p B ) is the change in the mutual 
information between A and B, which is consistent with 
our result. The relation |2]) shows the operational mean- 
ing of using quantum correlations as a resource to obtain 
the thermodynamical work, and generalizes the relation 
obtained in Ref. [23|]. For initially uncorrelated states, 
both I (p A : p s ) and I(p A : p B \X M ) vanish, and inequal- 
ity ((2|) reduces to the conventional second law for the to- 
tal system including the memory: Wgain < —AF. Thus, 
this inequality generalizes the second law with feedback 
control to initially correlated systems. By considering 
the cost for establishing the correlation, we can show 
that Eq. ([2]) is consistent with the conventional second 
law. To derive Eq. ([2]), we show three inequalities con- 
cerning the extractable work W<^ t + W^ t from feedback 
control (Eq. |gj)), the measurement cost W^ eas (Eq. (J6|)), 



and the information erasure cost W^ st (Eq. ([7])). 

The extractable work from the quantum correlated 
state is given by 



WL 



W» t < 



I (p B : X M )] .{A) 



-AF A - AF B 

+ k B T [I (p A : X 1 

The proof will be given later. The work gain that goes be- 
yond the conventional second law is expressed by the mu- 
tual information between each subsystem and the mea- 
suring device: I (p A : X M ) = S{p A ) - E k PkS(pf{k)) 
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and 7 (p B : X M ) - S(p B ) - E t ftS(pf(i)). Here 
I (p A : X M ) is the quantum-classical mutual informa- 
tion The work gain for A arises from the feedback 
through measurement on A, and the work gain for B 
also arises from the feedback, but the information about 
B is obtained by using the correlation between A and B. 
The quantity that relates the information content and 
the thermodynamic work is given by k B T, where T is 
the effective temperature of the subsystem. For initially 
uncorrelated states, this result is consistent with the re- 
sult for a single system with thermal states Q because 



AB 



I [p B : X M ) = for p 
of Ref. [8] is reproduced: 



P 



B . For A, the result 



w A t < 



-AF A + k B TI (// 



X M ) 



(5) 



and for B, the conventional second law is obtained: 



W B t < —AF B . 

The minimal cost for measurement is given by 

W^eas > k B T[I (p AB : X M ) H(X M )] + AF M , (6) 

where I (p AB : X M ) = S(p AB ) - J2 k PkS{p? B '(*)) is the 
mutual information between the total system and the 
memory, H(X ) = — ^ fe pfclnpfc i s the Shannon en- 
tropy. The free energy of M with outcome k is given as 
F k = -k B T\nZ^ and = Trexp(- fiHjf). A change 
in the average free energy of the memory during measure- 
ment is defined as AF M = ^2 k PkFjf — Fq 1 . For initially 
uncorrelated states, the cost I (p AB : X M ) reduces to the 



classical result I (p A : X M ) [9(. The measurement cost 
depends on the total state because the feedback controller 
already has the information gain via correlation between 
subsystems, and by utilizing this correlation, he can ob- 
tain the information about the state B by measuring A, 
and extract work by controlling B. If the measurement 
cost depends only on the subsystem A, the subsystem 
B can be traced out and the information gain via cor- 
relation is neglected. The information processing cost 
depends on the amount of accessible information for the 
feedback controller, and in this case, the nonlocal corre- 
lation should be considered for the measurement cost. 
The erasure cost is given in a manner similar to Ref. [t| : 



M 



> k B TH(X M ) - AF 



(7) 



For AF M = 0, this inequality reduces to Landauer's 
principle [4|. 

Now, we prove the main result by combining inequali- 
ties (O, ([6]), and (0, and using the identity: 



AB . x M \ 



I (/ : X M ) + I (p B : X M ) - I (p 

= l(p A :p B )-l(p A :p B \X M 



(8) 



The information gain of the feedback controller is given 
by /gain - I (p A ■■ P B ) + I {p AB ■■ X M ), where the first 
term arises from the correlation of the initial state, and 



the second term arises from the information gain due 
to the measurement (see Fig. [2J . This information gain 



L 



I(p A :X 



I(P B :X 



I(P J 



used for work extraction, but due to the correlation re- 
maining after the measurement and feedback, the infor- 
mation gain is not fully utilized unless two subsystems 
are brought together to perform unitary transformation 
on the total state. 

For classical and quantum correlations with the same 
marginal states, W^ t and are equal. This is due to 
the fact that I (p A : X M ) and I [p B : X M ) depend on 
the marginal states. However, the cost of information 
processing W^ st differs because the initial total entropy 
of the system is smaller for quantum correlated states 
than classical ones, so the cost required for the memory 
to compensate for the decrease in the system's entropy 
via feedback differs. Thus, if we consider the information 
processing cost, more work can be extracted from the 
quantum correlated state, since quantum correlation is 
stronger than classical one. 

By considering a feedback control on quantum states, 
Zurek derived the net work gain via local measure- 
ment and feedback given by W = k B TI (p B : X M ) [H|]. 
The main difference between his result and ours 
lies in the measurement cost: k B TI (p A : X M ^j or 
k B TI (p AB : X M ). Zurek also argued that feedback 
controller who can perform nonlocal operation can uti- 
lize quantum correlation completely. In this case, the 
net work gain is given by Wq = k B TI (p A : p B ); thus 
the difference in the work gain 6 = Wq — W = 
k B T[I (p A : p B ) - I (p B : X M )} represents the quantum 
part of the correlation [H, Hlf. For our case, the differ- 
ence is given by Wq - W gain = k B TI(p A : p B \X M ) for 
AF = 0. 

Finally, we give proofs of Eqs. (|4|) and ([6]). We first 
calculate the difference in entropy of the marginal states 
during the measurement and feedback: 

Sip*) + S(p B ) - S(p A ) - S{p B ) 

< S(p A ) 5> fc S(p^(fc)) + S(p B ) - J2PkS(p B (k)) 

k k 

= s(p A ) $> fe s( P ^(fc)) + s(p B ) J2p* s (p? ( fc )) 



= I (p A : X M ) + I (p B :X 



(9) 



where we use S{Y, k PkPk) > Y^kPkS(pk) in deriving 
the first inequality. By noting that S(p A ) = \nZ A + 
TiaHaP A = -(3F A + (3E A and using Klein's inequal- 
ity, S(p A ) < -Trp A lnp A n = lnZ A +pE A , we obtain 
Eq. Q. 

To show Eq. ([6]) , we note that the entropy of the total 
system always increases: S(p ABRI ) < S(p ABM ). This 
is because we perform measurements and local unitary 
operation on both states depending on the measurement 
outcome k. We first calculate the total entropy of the 
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(a) Initial state 



M 



A 



-l{p A :p l 



B 



(b) Measurement 


M 

/ (p AB : X M ) 


► 


-I (p AB : X") 






A 


-I(P A :P B ) 


B 





(c) Feedback 



M 

/ [p AD : X M ) 



A 

-I (p A : X M ) 




B 

-/ {p B : X M ) 


-l(p A :p B \X) 









FIG. 2. (color online). Entropy transfer in the protocol: (a) The subsystem A and B are initially entangled, and a negative 
entropy described by correlation between the subsystems —I (p A : p s ) is present. We can decrease the entropy of subsystems 
A and B by I (p A : p s ) , if we perform an unitary transformation on the total state, (b) Measurement on the subsystem A is 
performed, and entropy is transfered from the system to the memory M. Information gain (correlation between AB and the 
memory) is described by — / (p AS : X M ), whereas the memory undergoes a positive entropy production I i K p AB : X M ) which 
compensates for the information gain, (c) Feedback control is performed on both subsystems A and B to obtain negative 
entropy production —I (p A : X M ) and —I (p s : X M ), which arise from the initial correlation —I (p A : p s ) and information 
gain —I (p AB : X M ). Consequently, the total entropy of the subsystems A and B decreases, and work can be extracted from 
them. The correlation / (p A : p B \X M ^ between A and B remains nonvanishing, which we cannot utilize unless A and B are 
brought together to perform unitary transformation on the total state. 



final state as 

s{p£ BM ) = H(x) + 1 £p k s(f4 BM (k)) 
k 

= H{X) + Y,Pk [S( P AB (k)) + S^ 1 )] .(10) 

k 

Because the entropy of the total system increases, we 
obtain 

-H{X) + S{p AB )-Y.P^Pk B ) 

k 

<j2pkS( P r)-s( P ^) 

k 

<-$>Trpf lnpf can -5(p M ) 

k 

= P[-AF M + WZ as \. (11) 

Conclusions. —We have extended the second law of 
thermodynamics with feedback control to the case of ini- 
tially entangled states. We have shown that work can 
be extracted beyond classical correlation from entangle- 
ment. In particular, the maximal work is given by the 
difference of the quantum mutual information between 
the subsystems via feedback control. We have also de- 
rived the extractable work from correlated states with 
feedback control, and found the minimal costs for mea- 
surement and erasure. This present work thus offers a 
unified view of the role of correlation on quantum infor- 
mation thermodynamics, since both the correlation be- 
tween the systems and that between the system and the 
memory play fundamental role in thermodynamic work 
gain. The results of our work serve as the foundations 
for controlling quantum-correlated thermodynamic sys- 



tems and set the bound on how much work gain can be 
obtained from such systems. 
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